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Abstract

This paper describes an interactive activity that revolves around the golf dice game GOLO.  The activity can be used to illustrate the Binomial distribution, simulation, and other discrete probability distributions.  The project can be used in an AP statistics course, an intermediate statistics course, a statistics in sports course, a mathematical statistics course or a statistical simulation course.  
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1.  Introduction

In this paper, we discuss an interactive activity that we use to illustrate the binomial distribution and elements of simulation.  The activity was initially developed for use in a Statistics in Sports course.  The students in this course have a background of one introductory statistics course.  In this course, we use hands-on interactive projects to illustrate key statistical concepts.  

In addition to discussing the use of the activity in the intermediate course, we discuss extensions that can be used in a mathematical statistics course or an applied probability and simulation course. 

1.1  Background on Golf

The Merriam-Webster online dictionary defines golf as "A game in which a player using special clubs attempts to sink a ball with as few strokes as possible into each of the 9 or 18 successive holes on a course."  Golf is played on a tract of land designated as the course.  Players walk (or often drive in motorized electric carts) over the course, which consists of a series of holes.  A hole means both the hole in the ground into which the ball is played (also called the cup), as well as the total distance from the tee (a pre-determined area from where a ball is first hit) to the green (the area surrounding the actual hole in the ground).  Most golf courses consist of 9 or 18 holes.  
The first stroke on each hole is made or hit from the tee, where the grass is generally well tended to 
facilitate the tee shot.  After teeing off, a player hits the ball again from the position at which it came to rest, either from the fairway (where the grass is cut so low that most balls can be easily played) or from the rough (where the grass is cut much longer than fairway grass, or which may be uncut) until the ball is hit into the cup.  Many holes include hazards, which are of two types: water hazards (lakes, rivers, etc.) and bunkers (sand).  Special rules apply to playing balls that come to rest in a hazard, which make it undesirable to hit a ball into one of the hazards.  

At some point on every hole, each player hits their ball onto the putting green.  The grass of the putting green (or more commonly the green) is cut very short so that a ball can roll easily over distances of several yards.  The cup is always found within the green, and has a diameter of 4.25 in. and a depth of 3.94 in.  The cup usually has a flag on a pole positioned in it so that it may be seen from some distance, but not necessarily from the tee.  This flag and pole combination is often called the pin.  Once on the green, a player putts the ball into the cup in as few strokes as possible. 
A hole is classified by its par.  Par is the maximum number of strokes that a skilled golfer should require to complete the hole.  A skilled golfer expects to reach the green in two strokes under par and then use two putts to get the ball into the hole.  For example, a skilled golfer expects to reach the green on a par four hole in two strokes, one from the tee (“drive”), another to the green (“approach”), and then roll the ball into the hole with two putts. Traditionally, a golf hole is either a par three, four, or five.  The par of a hole is primarily, but not exclusively, determined by the distance from tee to green.  A typical length for a par three hole is anywhere between 100 to 250 yards.  A par four is generally between 251 to 475 yards.  Par five holes are typically at least 476 yards, but can be as long as 600 yards.  Many 18-hole courses have approximately four par-three, ten par-four, and four par-five holes.  As a result, the total par of an 18-hole course is usually around 72.  One’s score relative to par is given a nickname.  Figure 1 displays the nickname for the common scoring outcomes.  

Figure 1.  Some common golf scores  
	Score 

relative
to par
	Nickname
	Definition

	-3
	Double eagle 
	three strokes under par

	-2
	Eagle
	two strokes under par

	-1
	Birdie
	one stroke under par

	0
	Par or Even
	strokes equal to par

	+1
	Bogey
	one stroke over par

	+2
	Double bogey
	two strokes over par

	+3
	Triple bogey
	three strokes over par


1.2  Background on GOLO
1.2.1 History of GOLO
It all started at an Irish pub in Los Gatos, California. Patrick Shea, a local PGA professional, was playing standard dice games with his buddies. He was intrigued with the possibility of playing golf with dice, so he placed 9 standard dice in a cup and within minutes had created the basic rules of the game and GOLO was born. The response from friends and family was overwhelming.  As the game grew in popularity, a few rules and some new features were added. What followed was the most innovative and addicting game invented in years — GOLO! For information on GOLO, see:  http://igolo.com.  
1.2.2 What is GOLO?

GOLO consists of 9 dice, a dice cup, the rules of GOLO, scorecards, and a pencil. Figure 2 shows an image of the GOLO game.

Figure 2.  The GOLO game
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The goal of the game, as in real golf, is to shoot the lowest possible score, or "go low"!  The 9 dice represent 9 golf holes on a typical golf course. Each die has twelve sides with various scores on each side - some great, some not so good! Players roll and remove dice to "score", and one can play a variety of games according to the number of players involved and the length of time available.  
There are two par 3 dice (which are red), five par 4 dice (which are white), and two par 5 dice (which are blue).  The dice are placed into the cup, shaken up, and rolled onto a flat surface.  Each time the dice are rolled the golfer MUST remove or “take” at least 1 die.  Any dice taken are then set aside and not used in subsequent rolls.  A player continues to roll until she has used all nine dice and, thus, has completed nine holes.  A player's nine-hole score is the sum of the nine dice.

We call the two par 3 dice Par 3A and Par 3B.  The twelve equally-likely faces on these dice are numbered as follows:

Par 3A – 1, 3, 3, 3, 4, 4, 5, 5, 6, 6, 6, 8 and 
Par 3B – 2, 3, 3, 3, 4, 4, 5, 5, 6, 6, 6, 7.
All five par 4 dice are the same.  The twelve equally-likely faces on the par 4 dice are numbered as follows:

Par 4 – 3, 4, 4, 4, 5, 5, 6, 6, 7, 7, 7, 8.
We call the two par 5 dice Par 5A and Par 5B.  The twelve equally-likely faces on the dice are numbered as follows:

Par 5A – 3, 5, 5, 5, 6, 6, 7, 7, 8, 8, 8, 10 and 
Par 5B – 4, 5, 5, 5, 6, 6, 7, 7, 8, 8, 8, 9.
For convenience, on each of the die, a par score is outlined by a square, a birdie is outlined by a circle, and an eagle is outlined by a star.  
1.2.3 How To Play GOLO

The basic rules of GOLO are very simple: 
Step 1.  Roll all nine dice. 

Step 2.  Remove your lowest score(s).  You must remove at least one die, but you may remove as many as you wish.

Step 3.  Place the remaining dice in the cup and roll again. 

Step 4.  Continue to roll until all nine dice have been removed. 

Step 5.  Add up the scores for all nine dice to get your nine-hole score. (To play 18 holes, repeat the process and add both nine-hole scores together.) 

2.  Activity to Illustrate Binomial Distribution
In this section we discuss an activity based upon GOLO that we have used to illustrate the application of the binomial distribution.  The binomial setting is characterized by n independent observations where each observation is either a success or failure, and the probability of a success is the same for each observation.  In this setting the number of successes, denoted by X, is a binomial random variable. 

Each roll in the game of GOLO can be thought of as a binomial experiment where a success on a given die can be defined as a specified outcome or better on the up-face.  If n dice are rolled, the probability that X dice 
are par or better follows a binomial distribution with 

p = 1/3. 

Assuming that a player is beginning a “new nine”, complete the following questions.

1.  Consider the characteristics of the binomial setting.  Explain why the number of pars or better thrown on the first roll can be considered binomial?
2.  What are the values of n – the number of trials and p – the probability of success on any trial?

3.  What is the probability that you throw exactly 2 pars or better?

4.  What is the probability that you throw at most 1 par or better?

5.  What is the probability that you throw at least 1 par or better?

6.  What is the probability that you throw at least 3 pars or better and no more than 6 pars or better?

7.  Find the distribution function for the number of pars or better in a roll of all nine dice.  

8.  Roll all nine dice 100 times and count the number of successes (defined by par or better) that you throw on each roll. Use the outcomes from these 100 rolls to develop an empirical distribution function for the outcomes.

9.  Compare the distribution function (from #7) and the empirical distribution function (from #8). Is the binomial model proposed a reasonable model for your data? Explain.

3.  Activity to Illustrate Simulation

Regardless of a player’s probability background, she or he will no doubt develop a set of guidelines or strategies that will govern their play.  In this section, we examine how a simulation can be used to evaluate the performance of differing strategies.  

While we will not discuss the development of the computer program in this paper, the authors have written a program that can be used to simulate the play of the game if you employ a specified strategy.  More specifically, our simulation repeatedly plays the game 10,000 times.  On each roll of each game, our program removes dice according to the guidelines specified in the strategy being employed.  The scores of the 10,000 simulated games for each strategy can then be examined to ascertain which, if any, strategy performs the best.    
In this paper, we consider five strategies that might be used to govern one’s play.  
Strategy #1: Identify the best die relative to par on each roll and remove all of the dice with the same value relative to par.  That is, if the best die relative to par is a birdie then remove all dice that are a birdie.

Strategy #2: Identify the best die relative to par on each roll and remove only one of the best dice on each roll.  That is, if the best die relative to par is a birdie, then remove one die that is a birdie.

Strategy #3: Remove all the dice representing par or better on each roll.  In the event that no dice are par or better on a given roll remove the best die relative to par on that roll. 

Strategy #4: Remove all the dice representing birdie or better on each roll.  In the event that no die are birdie or better on a given roll remove the best die relative to par on that roll.  

Some descriptive statistics associated with the performance of strategies #1 – 4 are displayed in  Table 1.  The results of our simulation indicate that, on average, strategy #4 performed the best (having both the lowest mean and median from the simulated play). 

Table 1.  Simulation Results for Strategies # 1 – 4 (playing the game 10,000 times)

	
	Min
	Q1
	Med
	Q3
	Max
	Xbar
	S

	Strategy #1:
	25
	34
	36
	39
	63
	36.62
	3.62

	Strategy #2:
	26
	34
	36
	38
	48
	35.76
	3.04

	Strategy #3:
	27
	34
	36
	38
	48
	36.23
	2.83

	Strategy #4:
	26
	33
	35
	37
	48
	35.29
	3.23


It does not take long for a GOLO player to realize that the risk of having to remove a die with a high score dramatically increases as the number of dice decreases.  This realization motivates the slight modification to strategy #4 presented next.

Strategy #5: 

· Remove all the dice representing birdie or better on each roll with K or more dice remaining.  

· Remove all the dice representing par or better on each roll with K – 1 or fewer dice remaining.  

· With K or more dice left in the event that no dice are birdie or better on a given roll remove the best die relative to par on that roll.  With K – 1 or fewer dice left in the event that no dice are par or better on a given roll remove the best die relative to par on that roll. 

We then utilized our simulation program to repeatedly play GOLO employing strategy #5 with a specified value of K.  Table 2 displays some descriptive statistics associated with the performance of this strategy.  The results of the simulations indicate that the best results are obtained when K = 6.  However, it is also interesting to note that the lowest possible score of 25 was only obtained when employing the values of K = 4, 3 and 2.   
Table 2.  Simulation Results for Strategy # 5 with varying values of K (playing the game 10,000 times)
	Strategy #5
	Min
	Q1
	Med
	Q3
	Max
	Xbar
	S

	K = 8
	26
	33
	35
	37
	47
	35.13
	3.01

	K = 7
	26
	33
	35
	37
	48
	34.98
	3.07

	K = 6
	26
	33
	35
	37
	47
	34.94
	3.12

	K = 5
	26
	33
	35
	37
	47
	34.98
	3.22

	K = 4
	25
	33
	35
	37
	47
	35.11
	3.23

	K = 3
	25
	33
	35
	37
	47
	35.29
	3.21

	K = 2
	25
	33
	35
	37
	49
	35.19
	3.21


4.  Extensions
In this section we present additional probability distributions that could be demonstrated using GOLO dice.  Of course, one could create a variety of student activities associated with these distributions.

4.1  Geometric Distribution
Consider games that end by needing to roll exactly one die. Let R denote the number of games of this type that are played until one rolls a birdie or eagle on their final roll. Then R follows a geometric distribution with parameter p = 1/12 where: 
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4.2  Hypergeometric Distribution
When a GOLO die rolls off the designated field of play, it is out of bounds. Suppose that all 9 dice are rolled and P of the dice roll out of bounds.  Let C denote the number of colored dice that roll out of bounds.  Then C follows a hypergeometric distribution with the three parameters P, M = 4 and N = 9 where:
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4.3  Negative Binomial Distribution
One of the blue die has the potential of rolling an eagle, and suppose that this blue die is successively rolled until R eagles are rolled. Let Z denote the number of times this die is rolled until the Rth eagle is rolled. Then Z follows a negative binomial distribution with parameter p = 1/12 where:
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4.4  Distribution of the First Order Statistic
To begin the game all 9 dice are rolled, and a player selects the die (or dice) with the minimum score relative par. Let X3A, X3B, X 4A, …, X 4E, X 5A, X 5B be the 9 independent variates where X 3A and X 5A have distribution function FE(x) and X 3B, X 4A, …, X 4E and 
X 5B have distribution function FB(x) where:
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          and  
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where X represents the score on each die relative to par.  Then the distribution of the first order statistic, denoted by X(1), is given by:
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5.  Conclusions
Our experience with GOLO indicates that nearly everyone finds this game intrinsically interesting (including our students).  Our students enjoy playing the game, participating in activities related to the game, and analyzing the data to determine the best strategy of play.  This paper describes a number of scenarios that revolve around the game GOLO which can be used to demonstrate probability and simulation.  
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